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Abstract 

We prove R = T theorems for certain reducible residual Galois representations. 
We answer in the positive a question of Gross and Lubin on whether certain Hecke 
algebras T are discrete valuation rings. In order to prove these results we determine 
(using the theory of Breuil modules) when two finite flat group schemes and of 
order p over an arbitrarily tamely ramified discrete valuation ring admit an extension 
not killed by p. 

1 Introduction 

In a previous paper M. Emerton and the author studied modular deformation 
problems associated to certain reducible representations. In particular, for odd primes 
p we considered the totally split representation p given by 



1 
X 



mod p 



where x was the p-adic cyclotomic character. It was proved in W that deformations 
of p finite flat at p and satisfying a certain "semist ability" condition at an auxiliary 
prime were modular of level ro(A^), and the associated universal deformation 
ring R was isomorphic to Tj, where T was the full Hecke algebra of level ro(A^) 
and 3 was the p-Eisenstein ideal. This enabled us to study the Eisenstein ideal by 
directly studying deformations of p. In this paper, which can be seen as a sequel 
to [5, we study non-split reducible representations p which are ramified only at p. 
Under certain natural hypotheses, these representations are modular, and arise from 
cuspidal modular forms of weight two and level Ti{p) or Tq{p'^). We define certain 
deformation problems for p such that the associated universal deformation ring can 
be identified with the appropriate Hecke algebra localized at the Eisenstein ideal, 
and use this to deduce properties of the Hecke algebras in these cases. 

There are several important differences in the techniques of this paper to those 
of jlj. In 1^, the residual Eisenstein representation of level ro(A^) is not minimal 
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— it has Serre conductor 1. Thus one could play off the minimal and non-minimal 
deformation problems using techniques of Wiles. In this paper, p is minimal of the 
appropriate level, and the minimal deformation problem is not trivially Zp, as it was 
in The techniques used to prove modularity in this paper are quite different. One 
ingredient is the following trivial observation. Suppose the following are true: 

(i) — > T is surjective, 

(ii) T / T/p" for any n, 

(iii) i? is a discrete valuation ring. 

Then R = T. By considering some very general properties of residual representations 
we establish a criterion that allows us to establish in many cases that R is a discrete 
valuation ring. For universal deformation rings R for which this criterion does not 
apply, we construct another universal deformation ring R' (corresponding to certain 
modular forms of level 1) such that we may apply our criterion to deduce that R' is 
a discrete valuation ring. We then prove that R/p = R'/p = T/p, and deduce from 
this that R = T. 

In our deformation problems we consider finite flat group schemes over bases 
Ok such that e{K) > p — 1, and thus we are forced to utilize the theory of Breuil 
modules |21. In particular, we need to consider finite flat group schemes 'i^/Ox 
that are not killed by p, which leads to certain delicate computations with modules 
over divided power rings. As a consequence, however, we prove an independently 
interesting result about certain group schemes of order p^ (see Theorem 12. 7() . 

As in the results of Skinner and Wiles ^Hl proving R = T theorems for 
reducible representations do not apply, since our representations p are either locally 
split or are associated to non-ordinary deformation problems. 

For the case of representations p of level Ti{p), we are forced to make certain 
divisibility assumptions on Bernoulli numbers. Probabilistically, these assumptions 
should fail at most finitely often, but we have no proof of this fact. It is clear that 
certain assumptions are required, however. For example, without the assumption 
that the the x^~'^-eigenspace of the class group of Q(Cp) is cyclic it is not even clear 
that the residual representations p we consider are modular. These assumptions plays 
no role in the Tq{p'^) case, however. 

2 Results 

Let p be an odd prime, let K = Q(Cp), and let K+ = Q(Cp)'*" be the totally real 
subfield of K. Fix once and for all an embedding Q Q^, and let Kp and denote 
the respective localizations of K and inside Q^. Let 2<A;<p— Ibean even 
integer, and suppose that the x^~'^-eigenspace of the class group of K is non-trivial. 
This is a well known consequence of Vandiver's conjecture (see for example [HI]). Let 
X be the cyclotomic character, and let to = x niod p be the Teichmiiller character. 
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Let Bn denote the classical Bernoulli numbers, defined as follows: 

e* - 1 ~ ^ n! 

n=0 

If 99 is a character of Gal(Q/Q) of conductor p then one may also define Leopoldt's 
generalized Bernoulli numbers Bn^^ by the following generating series: 



gpt _ I 



k=0 



For integral n > 1 one has the following congruence (Thm 2.3 of jl2j l 

-^n,a;fe-" = T^fc mod p. 

n ' k 



Let p be the unique non-split representation 

that is unramified over K. It follows from jl6j that p is modular of weight 2 and level 
Ti{p). Let y be the two dimensional vector space on which p acts. We consider the 
following deformation problem for p: For a local artinian ring A with residue field 
Fp, let T){A) denote the set of deformations {p,V) of (j),V) satisfying the following 
properties: 

1. The determinant of p is x " 

2. p is unramified outside p. 

3. The representation pj^+ on V is the generic fibre of a finite flat group scheme 

Dmce e{K+) = i(p - 1) < p - 1, the finite flat group scheme ^ is determined up to 
isomorphism by p. The following result is standard. 

Theorem 2.1 The functor T) is (pro)-representable by a universal deformation ring 
R. 



Definition 2.2 Fix k. Let T be the cuspidal Hecke algebra of weight 2 and level 
Ti{p) generated by for I ^ p. Then the (p, k)-Eisenstein Ideal 3 is the maximal 
ideal of T containing T^ — 1 — for all i ^ p- 

Since it will be clear from the context, we usually refer to 3 as the Eisenstein ideal. 
Note that we define 3 to be maximal, contrary to the usual definition. Since we are 
only interested in T^j, however, there should hopefully be no confusion. We prove 
the following theorem. 
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Theorem 2.3 Suppose that either p\\B2^^k-2 orp\\Bk. Then there is a natural iso- 
morphism R ~ T^j. The ring R is monogenic over Zp, and if p\\B2^k-2, then R is a 
discrete valuation ring. 



The other residual representations we consider in this paper are wildly ramified, 
and arise from level Tq^p"^). Let p be prime, and let /c < p — 1 be a positive integer 
such that 

Let k' < p—1 be the unique positive integer such that k'+k = ^(p+l) mod p—l, and 
assume that p f i?2fc and p f Bp^i_2k- Let p be the unique non-split representation of 
the form 

X * 



x'"'' 



mod p, 



unramified away from p. The Bernoulli condition ensures that any non-split rep- 
resentation is wildly ramified at p. The existence and uniqueness of p is a simple 
exercise in class field theory. The representation p is modular of weight 2 and level 
ro(p^), and if 2A; > p + 1 actually occurs as a sub-representation of the Jacobian 
Jo(p^) (see 11 J. The Bernoulli number condition also ensures that p is not a twist 
of a representation coming from Ti{p) (necessarily of the other residual representa- 
tions we are considering), and thus p is "genuinely" of level p'^. Let K/Qp denote 
a tamely ramified extension of degree p + 1. Let V be the two dimensional vector 
space on which p acts. We consider the following deformation problem for p: For a 
local artinian ring A with residue field Fp, let T>{A) denote the set of deformations 
{V, p) of {V,])) to A satisfying the following properties: 

1. The determinant of p is x- 

2. p is unramified outside p. 

3. The representation p\k on V is the generic fibre of a finite flat group scheme 

Since e{K) = p + 1 > p — l, finite flat group schemes are typically not determined by 
their generic fibre. It transpires, however, that for the choice of k above (in particular 
2k ^ 0,2 mod {p — 1)) that p does uniquely determine a finite flat group scheme 
^/Ok- We have the following: 

Theorem 2.4 The functor D is {pro)-representable by a universal deformation ring 
R. 

Definition 2.5 Let T be the cuspidal Hecke algebra of weight 2 and level ro(p^). 
Then the {p,k)-Eisenstein Ideal is the maximal ideal 3ofT containing Ti — &—ff'~^ 
for all t p. 

We prove the following theorem. 

Theorem 2.6 There is a natural isomorphism R ~ T^. The ring R is a discrete 
valuation ring. If p = 3 mod 4 and k = k' = {3p — l)/4, then i? ~ Zp. 



4 



This theorem was the mam motivation for this paper. It answers a question of Gross 
and Lubin, who asked (fll^ p. 310) whether T^j was always a discrete valuation ring. 

Our last result is a consequence of finite flat group scheme calculations required to 
prove Theorem 12. 61 although it is interesting in its own right. First recall that (after 
choosing a uniformizer vr G Ok) a finite flat group scheme ^/Ok of order p is specified 
by its Oort-Tate parameters, a pair (r, a) with r G Z satisfying < r < e = e{K/Q,), 
and a G Oi<-/m. 

Theorem 2.7 LetK/Qp be a finite extension of ramification degree e, where {e,p) = 
1. Consider an exact sequence of finite flat group schemes: 

^ jr' ^ ^ ^ jr" ^ 

and suppose that .3^' and are finite flat group schemes of order p. Then either 

1. is killed by p. 

2. is etale or multiplicative, and ^[p] is finite flat. 

3. There exists a non-trivial morphism J^" — > M" that is not an isomorphism, 
and r^[p] is not a finite flat group scheme. 

Moreover, given a non-trivial morphism M"' M" there exists an extension .3^ G 
Ext(^", J^') such that ^ ■^\p\ if o^nd only if the Oort-Tate parameters (s, b) of 
J^' and (r, a) of satisfy either of the following inequalities: r > ps or {e — s) > 
p{e — r). 

I would like to thank Brian Conrad and Christophe Breuil for answering some 
technical questions about finite flat group schemes and Breuil modules respectively. 
I would also like to thank Matthew Emerton for our frequent conversations, during 
which several of the ideas of this paper had their genesis. 

3 Generalities on Eisenstein representations 

The main reference for this section is the paper of Bellaiche and Chenevier pQ. In 
this section we record some general remarks about residually reducible represen- 
tations. Let {A,m,k) be a local p-adically complete ring. Given a representation 
p : Gal(Q/Q) ^ GL2(A) such that 

p : Gal(Q/Q) ^ GL2(A/m) = GL2(A;) 

is reducible and unramified outside p and oo we shall derive a sufficient criterion for 
j4 to be a discrete valuation ring. The results of this section should not be considered 
original, and follow almost directly from the arguments of (Ij. The spirit of these 
arguments is also very similar to the work of Papier and Ribet |17) . We shall use the 
notation of ^1, however. 

Let G be a quotient of Gal(Q/Q) such that p factors through G. We may consider 
p as a representation of G into Gh2{A). Let T : G ^ A denote the composite of p 
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with the trace map. Suppose that the semi-simpUfication (p)*^ is given by xi © X2- 
We shall assume that xi 7^ X2- Fix s £ G such that Xii^) 7^ X2is)- The characteristic 
polynomial of p{s) has two distinct roots modulo m, and thus by Hensel's Lemma 
has roots Ai and A2 with Aj = Xi(s) mod m. Choose a basis of the representation p 
such that p{s)ei = XiCi. Let a, b, c, d be the matrix entries of p with respect to this 
basis, and let B and C be the A-ideals generated by h{g) and c{g) respectively, for 
g £ G. Let I C ^ be a proper ideal such that T mod / can be written as the sum 
of two characters ipi , ■02 such that ipi mod m = Xi- 

Lemma 3.1 For all g, g' G G, a{g) — ■01 (5) £ I, Hd) ~ i'2{g) S /, and b{g)c{g') G /. 

Proof. This is Lemme 1 of pp. 

Lemma 3.2 There is an injection of A-modules 

RomA{B/IB,A/I) ^ Extf^/.^f^j (02, V'l)- 

Definition 3.3 The ideal of reducibility of A is the largest ideal of A such that T 
mod / is the sum of two characters. There is an equality I = BC . 

Lemma 3.4 Suppose that A is noetherian, that the ideal of reducibility is maximal, 
and that 

dimfcExt^,[(;](X2,Xi) = dim^ Ext^jfj] (x2, Xi) = 1- 

Then the maximal ideal m of A is principal. If moreover A admits a surjective map 
to a ring of characteristic zero, then A is a discrete valuation ring. 

Proof. One has dim^ B 0a k < 1. Thus by Nakayama's Lemma, B is a cyclic A 
module, and hence principal. A similar argument applies to C, and thus m = / = BC 
is principal. Let m = (vr). By Krull's Intersection Theorem each element of A is of 
the form uir^ for some unit u £ A. Since A admits a surjective map to a ring of 
characteristic zero tt is not nilpotent. Thus j4 is a discrete valuation ring. 

3.1 The General Strategy 

Let us now explain the general strategy of this paper. In both cases we are considering 
a reducible representation p, and a suitable universal deformation 

: Gal(Q/Q) ^ GL2(i?) 

unramified outside p and 00. If Qjp^oo} denotes the maximal extension of Q unrami- 
fied outside p and 00 then a fortiori factors through Gal(Q{p^oo}/Q)- Moreover, 
in either case Xi/X2 is some non-trivial power of the cyclotomic character, and so 
of the form x* for some i 7^ 0. Our assumptions regarding Vandiver's conjecture (in 
the case of Ti{p), and automatically in the case of To{p'^)) imply that Extp^j(^j(l, x*) 

and Extp^j(-,j (1, x~*) are one dimensional, where G = Gal(Q|p oo}/Q). The universal 
deformation rings are topologically finitely generated over Zp and thus noetherian. 
Thus if / is the ideal of reducibility of R, then / is principal. Providing R admits 
a surjection to T, we infer that ii is a discrete valuation ring whenever the ideal of 
reducibility is maximal. The following lemma is trivial: 
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Lemma 3.5 The ideal I of R is maximal if and only if there does not exist a sur- 
jection R/I ¥p[x\/x^ or R/I Z/p^Z. 

In view of the description of i? as a universal deformation ring, it therefore suffices 
to show that p does not admit any non-trivial deformations to GL2(Fp[x]/x^) or 
GL2(Z/p^Z) that are upper triangular. For the representations we consider of level 
ro(p^)) it turns out that there are never any such deformations. For level Ti{p), 
however, their may exist upper triangular deformations to 'L/p^'L. This happens 
whenever p^\B2^^k^2 (I do not know any example where this happens, although it 
is conjectured to happen infinitely often). To deal with this possibility, we switch 
to another deformation ring R' corresponding to deformations of p that arise from 
modular forms of weight k and level ro(l). The ring R' is a discrete valuation ring 
whenever \ by the same proof as in Lemma \\\A\ By our assumptions on 
Bernoulli number divisibility this is always the case. Thus the failure of i? to be a 
discrete valuation ring forces R' to be a discrete valuation ring. In this situation we 
find that R' ^ T' , where T' is the cuspidal Hecke algebra of weight k and level ro(l) 
localized at the Eisenstein ideal. One knows, however, that T/p — T/p. Moreover, 
by purely local considerations it follows that R' /p ~ R/p- From these facts (along 
with the observation that T is torsion free) we may conclude that R = T. 

One of the main technical difficulties of the paper is determining the upper tri- 
angular deformations of p to Fp[x]/j;^ and Z/p^Z. Note that it is not always the 
case that the "Eisenstein Ideal" as defined by Mazur (and others) is the ideal of 
reducibility. Indeed, for Jo(-/V) this is never the case. For example, for = 11, the 
Hecke algebra T ~ Z and the Eisenstein ideal 2J ~ (5). However, one easily finds 
that the ideal of reducibility is (25). This was noted by Serre, and in the optic of the 
Eisenstein ideal was pointed out by Mazur (see for example the discussion in P^ . 
Prop 18.9, pp.138-139). 

As a computational observation, it is typically the case that R = = Zp. This 
is not always true, however. For example, when p = 547 and k = 486, and p is the 
residual representation of level ri(547), then using William Stein's Modular Forms 
Database one finds that 

T3/p^Fp[x]/x\ 

Similarly, although I know of no examples, there is no reason why p^ cannot divide 
ii?2(^fc-2. Note, however, that if both conditions occur simultaneously, then R cannot 
be a discrete valuation ring. This follows from the fact that the ideal of reducibility 
/ = (a) is principal, and the only discrete valuation ring R that admits a surjection 
R/a Z/p" for some n > 2 is Zp. 

4 Deformations of level ri{p) and rQ{p^). 
4.1 Eisenstein Deformations at level Ti{p). 

Let 2 < k < p—1. The residual representations considered in this section were studied 
by Ribet who proved that whenever p\Bk for even k, the x^~'^-6igenspace of the 
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class group of K = Q(Cp) is non-trivial (The converse of this statement is a more 
classical theorem of Herbrand). Moreover, given such a p and k, there exists a non- 
split representation 

.0 x' 



k-i mod p, 



that is unramified over K. The arguments of Ribet may be summarized as follows. 
Since B2 = 1/6, k ^ 2 and thus x^~^ ¥^ X- Inside some variety J isogenous to 
Ji{p) / Jq{p) one may find a non-split representation p of the shape above. Now 
J acquires everywhere good reduction over the totally real subfield of K. The 
results of Raynaud J3] imply that group schemes over a base of ramification e < p — 1 
are determined by their generic fibre. Thus the representation p over is seen to 
arise from a finite flat group scheme over 0^+ that is an extension of a local group 
scheme by an etale group scheme. The connected-etale sequence therefore splits this 
extension of group schemes, and thus p is locally split at p over K. This implies that p 
is the representation considered above. Let V be the two dimensional representation 
corresponding to p. For a local artinian ring A with residue field Fp, let T){A) denote 
the set of deformations (V,p) of {V ,'p) to A satisfying the following properties: 

1. The determinant of p is x " 

2. p is unramified outside p. 

3. The representation p|^+ on V arises from a finite flat group scheme over 0^- 



+ . 

P 



Theorem 4.1 The functor T) is (pro)-representable by a universal deformation ring 
R. 

Proof. This result can now be considered relatively standard (see for example [ZI 
and jSI). Let us make a few remarks, however. First note that Endgg^^Q^Q^ (V ) = Fp, 
and thus the "unadorned" universal deformation ring exists. Let us make precise 
what is meant by saying that p^+ arises from a finite fiat group scheme over 0;^+. 
Essentially it stipulates the existence of a group scheme such that the induced 

representation of Gal{Qp/ K^) on the generic fibre gives rise to p|^+. Since p is 
defined over Qp, this implies that the generic fibre of W also descends to Q. Thus we 
automatically obtain a pair (^,(p), where is a finite flat group scheme over K~^, 
and is an action of Gal{K~^/Q) on the generic flbre of 5^ (which extends to an 
action on 1^). One calls such a pair (^, (f>) a group scheme with generic fibre descent 
data. Note that since e < p — 1, the group schemes 1^ are uniquely determined by 
the deformations p. □ 

Lemma 4.2 There is no non-trivial element of T>(Fp[x]/x'^) such that p is upper 
triangular. The ring R is generated as a 7ip-algebra by traces. 

Proof. Suppose that p : Gal(Q/Q) —>■ GL2(Fp[x]/x^) is upper triangular, and 
let ^/Oj^+ be the associated finite fiat group scheme. Let ip be the character cor- 
responding to the upper left hand corner of the representation. Then the Galois 
representation gives rise to a sub-representation of the generic flbre of ^, and 
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thus to a finite flat subgroup scheme of 5^. The generic fibre of .3^ has a filtration 
by constant Galois modules. Since e = — <p— 1, M' is therefore an extension 
of constant group schemes. Thus ^ is an extension of etale group schemes, and 
therefore is etale. Thus considered as a character of Gal(Q/Q) is unramified 
at "p and thus unramified everywhere. By simple class field theory it follows that -0 
is trivial. In particular, p must have the shape: 



As in Ribet ^01 , the connected-etale sequence implies that ^ splits over 0^+, 
and thus that p is unramified over . If p defines a non-trivial representation to 
GL2(Fp[3;]/x^), we see that its kernel must cut out a {Tj/pT^Y unramified extension 
of Q(Cp)- Since this contradicts our assumptions on p, the result follows. To show 
that R is generated by traces, it suffices to show that any non-trivial deformation of 
7? to GL2(Fp[x]/3;^) is generated by traces. This follows in a standard way from the 
fact that (by Nakayama's Lemma) R is generated as a Zp-algebra by the generators 
of m/j/(m|j,p). Let /? be a deformation of p to GL2(Fp[x]/x^) than cannot be written 
as an upper triangular representation. Write the matrix entries of p as functions a, 5, 
xc and d of Gal(Q/Q). Then if a G Gal(Q/Q(Cp)), then T)ei{p{a)) - Trace(p(a)) = 
xb[a)c{(T). Since c is non-trivial (by assumption), the Cebotarev density theorem 
implies there exists a a such that that b{a)c{a) ^ 0. Since Det(p(o")) = 1, it follows 
that the traces of p generate Fp[j;]/a;^. □ 

Definition 4.3 Let T he the cuspidal Hecke algebra of weight 2 and level Vi[p). 
Then the {p, k)-Eisenstein Ideal 3 is the maximal ideal of T containing T^ — l — 
for all i p. 

Lemma 4.4 There exists a surjective map R T3. 

Proof. If T3 denotes the normalization of T3, then we may write = Yii=i 
where each Oj is a discrete valuation ring finite over Zp. The rings Oj are in bijection 
with normalized newforms / of level Ti{p) such that if /O/ is an integral p-adic Galois 
representation associated to /, then (pfY^ = (p)***- Arguing as in Ribet For 
each form /, there exists a lattice such that the reduction pj is a non-split extension 
of x'^"^ by 1. Since / has level Ti{p) this implies that pj splits over Kp and thus 
is unramified after restriction to K. By assumption (on the cyclicity of the x^~^- 
eigenspace of the class group) this uniquely determines pj, and thus 'pf ='p. It follows 
that pj is a deformation of p, and thus there exists a map R ^ Oi. In particular, 
we obtain a map R TliLi 0« = Tj. Since R is generated by traces, the image R 
is also generated by traces. The image of Trace(p""'™(Frob£)) for i ^ p is T^ £ T. 
Since Frobenius elements are dense in Gal(Q/Q), the image of R is exactly T3. □ 

Lemma 4.5 If p^ f i?2i^fc-2 then there are no deformations of J) in D(Z/p2z) that 
are upper triangular. 
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Proof. As in Lemma 14.21 the character ^ corresponding to the upper left hand 
corner must be trivial, and thus p is of the form 

(J ^ GL.(ZVZ). 

where p\cij,{c_ 2) is totally split. Thus this defines a degree unramified extension of 
Q(Cp2), which implies the divisibility of Bernoulli numbers. □ 

Corollary 4.6 Suppose that p^ \ B2^k-2. Then R is a discrete valuation ring and 
R = T. 

Proof. By Lemmas 14.21 and 14. 5| we conclude that the ideal of reducibility / of i? is 
maximal. Since — > T, p is not nilpotent in R, and thus i? is a discrete valuation 
ring. That ~ T is then obvious, since T is non-trivial and has characteristic zero. 
□ 

Thus to complete the proof of Theorem 12.31 we are now left to consider the case 
that p'^\B2 . We may therefore assume that p\\Bk. Note that for any p, the naive 
probability that there exists a2<k<p — 1 such that p'^\\B2 is approximately 
1/p. The further condition that p'^\\Bk decreases this probability to l/p^. Thus one 
might suppose that the divisibilities p'^\Bk and P^|-B2,lj*-2 occur at most finitely often 
for all p. I do not now of any examples in which either condition is satisfied. 

Let us now assume that pWB/^. Instead of proving the modularity of R directly, we 
shall switch to another deformation problem. We note, firstly, that the representation 
p is modular of level 1 and weight k. Certainly there exists a non-split representation 
p' of that level with (p'Y^ = (j^Y^- On the other hand, p' is crystalline (in the sense 
of Fontaine-Laffaille 9.) ) with Hodge-Tate weights [0, A; — 1], which must necessarily 
be split locally over Kp. By our assumptions such a representation is unique, so it 
must equal p. We define the following deformation problem D' . 

1. The determinant of p is x^~^- 

2. p is unramified outside p. 

3. The representation p is ordinary at p, i.e. there exists an exact sequence: 

^ V' ^ V ^ V" ^ 0. 

where V' and V" are free ^-modules of rank 1, and Gal(Qp/Qp) acts on V" 
via an unramified character. 

Theorem 4.7 The functor T>' is representable by a universal deformation ring R' . 
Moreover, if A is an artinian ring killed by p, then T){A) C D'{A), and thus there is 
a surjection R' /p R/p- 

Proof. The existence of R' is standard. One could also try and define T>' to be 
deformations that are crystalline with Hodge-Tate weights [0, A; — 1] and presumably 
this would be define an equivalent functor. Let {p,V) be a deformation in T){A). 
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Consider the connected-etale sequence attached to the finite fiat group scheme 
associated to p. On generic fibres, it induces an exact sequence 

^ y ^ F ^ ^ 0. 

bmce V and V are one dimensional it follows from Nakayama's Lemma that V" 
and V' are cyclic. By a counting argument it follows that V' and V" are free. Since 
^ = \{p ~ ^) < Pj this splitting descends to Qp, and it follows that V is ordinary. 
The existence of a surjection R' /p — >■ R/p follows by Yoneda's Lemma. □ 

Note that this argument also implies that deformations p E I'(^) are in general 
ordinary. If p'^°'^ is the representation 

p"^"" : Gal(Q/Q) ^ GL2(Ta) 

it follows that Tp is given by the action of Frobenius on the unramified quotient. 
Thus Tp e T^. 

Lemma 4.8 if pWB}^ then R' is a discrete valuation ring. 

Proof. Let /' be the ideal of reducibility of R' . The case of upper triangular 
deformations to GL2{Fp[x]/x'^) is essentially the same argument as for R, except 
that now the splitting of Galois modules over Kp comes from the ordinary hypothesis 
rather than the connected-etale sequence. Consider a reducible deformation p G 
D'(Z/p^Z). Let ip be the character corresponding to the upper left hand corner of 
the representation. Then V'Iqp is an extension of a trivial representation by a trivial 
representation. If ip is ramified at p then p can certainly not be ordinary, so tp is 
unramified at p and thus trivial. Hence p is of the form 

(J ^^i) G GL2(Z//Z). 

Moreover the ordinary hypothesis implies that the representation must split locally 
over Kp The kernel of p defines a degree p"^ unramified x^~^ extension of Q(Cp2)) 
and in particular implies that p'^\Bk. This contradicts our assumption. Thus I is 
maximal in R', and thus R' is a discrete valuation ring. □ 

Let T' be the cuspidal Hecke algebra of level one and weight k, and let 3 be 
the Eisenstein ideal. Since k < p — 1, the cuspidal Eisenstein deformations are 
ordinary and in the usual way we obtain a surjection R' T'^, which must be an 
isomorphism. Note that this is expected since ordinary representations of weight 
k > 2 are automatically crystalline. There is a standard identification T^/p ~ T^/p 
which follows from the identification S2(Ti{p),u>''~'^, Z/pZ) = Sk{T(j{l), Z/pZ). Thus 
R'/p = T'^/p = T;j/p = Fp[x]/x*^ for some e (recall that R' is a discrete valuation 
ring, so monogenic over Zp). Since R'/p surjects onto R/p by Theorem 14. 71 and R/p 
surjects onto T^/p, it follows that R/p = Fp[x]/x^ also. Thus there exists a diagram: 

Zp[W] R R/p ^ Fp[x]/x' 



To To/p ~ Fp[x]/x^ 
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Since is a monogenic and torsion free, it must be isomorphic to Zp[[x]]// for some 
polynomial f{x) = mod p of degree < e — 1. Thus R ~ Z[[x]]// with / = J/. 
Since Rjp Fp[x]/x'^, it follows that the image of the ideal J in Fp[x]/a;'^ contains 
1. Thus J contains 1, and i? ~ Tj. This completes the proof of Theorem 12.31 

It was observed by William Stein that although p can divide the discriminant 
of the Hecke algebra of weight 2 and level ro(p) (for example when p = 389), it never 
appears to divide the index. Equivalently, if is a localization of the Hecke algebra 
T of weight two and level ro(p), then is a discrete valuation ring. Computations 
of Stein also suggest this conjecture may be true at level V\{j)). Although we do not 
prove this conjecture in the Eisenstein case, there are some interesting connections 
that arise. If E is an elliptic curve of conductor p then the associated Hecke algebra 
is an integral domain if and only if p does not divide the modular degree. As Stein 
notes, a result of Flach implies that the modular degree annihilates a certain Selmer 
group |H], which can in turn be considered a form of generalized class group. Thus 
the conjecture that is an integral domain translates into the conjecture that p 
does not divide the order of a certain "class group" , and so resembles the statement 
of Vandiver's conjecture. For Eisenstein representations of level we see that 

the same question is intimately related to the actual Vandiver's conjecture. 



4.2 Eisenstein Deformations at level V^^y^). 

Let p be prime, and let A; < |j — 1 be a positive integer such that 

Let fc' < p — 1 be the positive integer such that + fc' = ^(p + 1) mod p — I, and 
assume that p f and p f -Bp+i_2fc- Under these conditions, there is a unique 
representation p of the form 



x'-'' 



mod p, 



which is wildly ramified at p and unramified outside p. It follows from jllj that p is 
modular of weight 2 and level Tq{p'^). Let K/Qp denote a tamely ramified extension 
of degree p + 1. We shall study deformations of p that arise from finite flat group 
schemes over K. Since e{K) = p + I > p — 1, however, a Galois module that arises 
from a finite flat group scheme does not necessarily determine a unique finite flat 
group scheme. We prove, however, the following result (see Section [S] Lemma l5.18|) : 



Theorem 4.9 Let k be as above, and let V be the representation corresponding to J). 
Then there exists a unique finite flat group scheme ^ /Ok with generic fibre descent 
data to Qp isomorphic to V . 

To prove this theorem, we need to study the category of finite flat group schemes 
over K. An explicit theory of finite flat group schemes over discrete valuation rings 
of arbitrary ramification was constructed by Breuil [^J. 
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For a local artinian ring A with residue field Fp, let T)(A) denote the set of 
deformations {V, p) of {V,p) to A satisfying the following properties: 

1. The determinant of p is x- 

2. p is unramified outside p. 

3. The representation p\k on V is the generic fibre of a finite flat group scheme 

Note that finite flat group schemes over 0^ do not form an abelian category. 
However, throughout this paper we implicitly use the following lemma: 

Lemma 4.10 Let 

0^ H' ^ H ^ H" ^0 

be a short exact sequence of finite Galois modules such that H is the generic fibre of a 
finite flat group scheme J^/Ok- Then there exist (unique) finite flat group schemes 
J^' , Jif'/Ox which fit into a short exact sequence 

^ jr' ^ ^ jr" ^ 0, 

and such that taking generic fibres in this sequence yields the exact sequence of Galois 
modules above. 

This lemma is proved in |Hj §1.1. The group scheme will be the scheme theoretic 
closure of H' inside J^. Note however that even if the map H — > H" is "multiplication 
by p" , this does not identify J^' with J^[p]. Indeed, it might be the case that J^[p] 
is not even a finite flat group scheme. However, in view of Lemma l4.1Ul one certainly 
has the following: 

Theorem 4.11 The representation D is representable by a universal deformation 
ring R. 

Proof. This follows in the standard way. □ 

Lemma 4.12 There is no non-trivial element o/ 2)(Fp[x]/a:^) such that p is upper 
triangular. The ring R is generated by traces, and moreover there exists a surjective 
map R — > T3. 

Proof. Our proof is along the same lines as Lemma 14.21 Suppose that p : 
Gal(Q/Q) GL2(Fp[x]/x^) is upper triangular, and let "^/Ok be the associated 
finite flat group scheme. Let ■0 be the character corresponding to the upper left 
hand corner of the representation. Then the Galois representation iplx gives rise to a 
sub-representation of the generic fibre of ^, and thus to a finite flat subgroup scheme 
of The generic fibre of the group scheme Jif has a filtration by two copies 
of the Galois module Fp{uj''). Since Fp{u!^) extends to a unique group scheme Jif' 
over Ok by Corollary 15.171 the scheme J^f is an 

element of Ext^(^',^')- More- 
over, admits generic fibre descent data to Qp. It follows from Corollary ESOl that 
all such extensions split over the maximal unramified extension K^'' . In particular. 
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we see that the character ^p : Gal(Q/Q) Fp[x]/x'^ must be the A;th power of the 
cyclotomic character. Thus p must have the shape: 

(^o' ^i-k) e GU{F,[x]/x'). 

The kernel of p therefore defines a (Z/pZ)^ extension of Q(Cp) on which Gal(Q(Cp) / Q) 
acts via Yet since the x^^""*^ eigenspace of the class group of Q(Cp) is triv- 

ial (by assumption), the maximal x'^^~^ extension of Q(Cp) has order p. Thus we 
have a contradiction, and no upper non-trivial upper triangular deformation of p to 
GL2(Fp[x]/x^) exists. That R is generated by traces follows as in Lemma l4.2| and 
that there exists a surjective map R T^j follows similarly as in Lemma 14.41 It 
suffices to prove that the representations pf do actually come from (inverse limits 
of) finite flat group schemes over K. This follows from jllj . Corollary 12.5, since the 
associated abelian varieties acquire good reduction over the extension (there denoted 
by) M of ramification degree e\p +1. □ 

Lemma 4.13 There is no non-trivial element of I'(Z/p^Z) such that p is upper 
triangular. 

Proof. Consider such a representation p. As in Lemma [4.12| consider the character 
iP\k-, and the (uniquely) associated finite flat group scheme /Ok- By considering 
the filtration on the generic fibre of J^, we once more infer that G Ext^(J^', J^'). 
Since the generic fibre of ^ is not killed by p, it follows that itself not killed by 
p. But by Corollarv 15. 2( there are no extensions at all of by M" not killed by p\ 
Thus we are done. □ 

We conclude from Lemma l4. 121 and Lemma l4. LSI that the ideal of reducibility / 
is maximal, and thus that R\s a. discrete valuation ring, and R ~ T^. To complete 
the proof of Theorem 12. 6| we must prove that T^j ~ Zp when p = 3 mod 4 and 
k = (3p— l)/4. Since i? is a Zp-algebra of characteristic zero, it suffices to prove that 
R does not admit a surjective map to Fp[x]/x^, or equivalently that D{Fp[x\/x'^) is 
empty. We have already seen that !D(Fp[x]/x^) does not contain any upper triangular 
elements. Suppose that it contains an irreducible representation p. Let q be the twist 
of p by ■ Then is the representation: 

(o u;(P-i)/2)- 

Thus the kernel of ^ is a degree p extension oi F = Q(-^— p), the quadratic subfield 
of Q(Cp)- Let L = F.Q{C,p) be the kernel of "g, and H the kernel of g. There is an 
exact sequence: 

^ Ga\{H/L) Gal{H/Q) Gal(L/Q) ^ 0. 

We claim this sequence is a semidirect product. The element of order 2 in Gal(L/Q) 
lifts uniquely. Since Gal(L/Q) C GL2(Fp[x]/x^), we see that the 2-Sylow subgroup 
acts an involution. Any lifting of the order p element of Gal(ff/Q) (which will have 
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order p) therefore provides a splitting. By assumption q\l is not upper triangular. 
It follows that Gal{H/L) has order p'^, and moreover H must have a subfield E such 
that Ga\{E/F) has order p^ and Gal(F/Q) acts on Gal{E/F) as -1. Yet this is a 
contradiction, since F admits at most (in fact exactly) one extension of degree p of 
this form. Thus g and p must be upper triangular, a contradiction. 

In general we have not ruled out the possibility that Tj is always Zp, but one 
suspects that this is a feature of the limited range of computation available. 

5 Breuil Modules 

Throughout this section we shall freely refer to the results and notation of P]. A 
reference for Breuil modules killed by p as A;[n]/n^''-modules is 0, and we also use 
some theorems of Savitt jl8| to determine certain extensions killed by p of finite flat 
group schemes that admit generic fibre descent data to Qp. Our general approach 
will be to prove some statements about extensions of finite flat group scheme over 
an arbitrary tamely ramified discrete valuation ring. The techniques and technology 
are essentially due to Breuil [2], following results of Fontaine. Let K/Qp be a tamely 
ramified extension (of arbitrary degree). 

Theorem 5.1 Let be a finite flat group scheme of order p'^ over Ok- Then ^ sits 
inside an exact sequence 

^ , ^ ^ ^ % ^ 

of Oort-Tate group schemes. If ^ is not killed by p then there exists a non-trivial 
morphism of group schemes ^r,a ^s,h- Moreover, if^ is not killed by p then ^\p\ 
is finite flat if and only if is etale or multiplicative, or equivalently if and only if 
isomorphic to Ti/p^X or fip2 over O/^ur. For any pairs (r, a) and (s, b) for which there 
does exist a non-trivial map ^r^a — ^ ^s,h that is not an isomorphism, there exists a 
corresponding extension ^ not killed by p if and only if r '>ps or [e — s) > p{e — r). 

This is a combination of Lemma I4.1U1 Corollary 15.141 and Lemma 15.151 As an 
application, we have the following: 

Corollary 5.2 Let K be a tamely ramified extension of degree e = p + 1. be a 
finite flat group scheme of order p^ such that the generic fibre is an extension of 
Fp(a;^) by Fp(a;'^). Suppose moreover that k ^ 0,1, {p — l)/2, {p + l)/2 mod p — 1. 
Then ^ is killed by p. In particular, the generic fibre is killed by p. 

Proof. From the classification of group schemes of order p (see for example Example 
5.2 of jSj, Theorem 15.161 and Corollary 15.17(1 we find that for the k outside the 
exceptional listed set, the Galois representation Fp{uj^) arises from a unique finite 
flat group scheme of order p. It follows from Theorem 15.11 that either ^ = or 
is etale or multiplicative. Since Fp{uj^) is not etale or multiplicative, the result 
follows. □ 
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5.1 Definitions 



We rely extensively on the reference 0. Let p be an odd prime, and let e be an integer 
coprime to p. Let F C Fp, W = W(F), Kq = W ^ Qp. Let be a totally tamely 
ramified extension of Kq. Let vr be a uniformizer of Ok with minimal polynomial 
E{u) =u^ +p. Let Vn = Let S be the p-adic completion of 

M^[n,X„l, where Xn = for n > 1. 

Let Fil^5 be the VF-submodule of 5 topologically generated by Yn = E{u)p'^ /p^" for 
all n. There is an isomorphism: 

S/FH^S^Ok, u^tt. 

Let (p be the unique additive map S" — > 5, semilinear with respect to the absolute 
Frobenius on W, continuous for the p-adic topology, compatible with the divided 
powers, and satisfying (j){u) = uP . Let </>i = ^Ipjii^, and let Sn = S/p^. 

Definition 5.3 The category of Breuil modules (denoted by '(Mod/S)) consists of 
triples (M, Fil^M, such that 

• M. is an S-module 

• Fil^M is a sub S-module o/M containing Files' • M, 

• (pi is a (p- semilinear map Fil^M — > M such that for all s G Fil^S and x G M, 

(pi{sx) = (pi{s)ip{x), where ^p{x) = <pi{E{u)x) / 4>i{E{u)) . 

A map between Breuil modules is a map M M' such that the induced map on 
Fil^M has image in Fil^M', and commutes with (pi. The category (Mod/ Si) is the 
category of Breuil modules with M a free Si = S/p-module of finite rank such that 
01 (M) generates M as an S-module. 

Note that in our case, E{u) = u'^ +p and (j)i{E{u)) = 1 + u'^^/p = 1 -\- Xi (which 
is a unit in S). If M is killed by it is still important that one take s G Fil^S" in 
this last condition rather than s G Fil^S • S/p^. This is because (t)i{s) mod p does 
not depend only on s mod p. For example, "0i(u^)" = Xi ^ (j)i{u^ + p) rnod p. 

We use the notation instead of (p used in ^2, to avoid any confusion with the 
map (j) defined on S. 

Theorem 5.4 Let [Mod/S) be the sub-category of '{Mod/S) generated from exten- 
sions by (Alod/Si). Then (Mod/S) is anti- equivalent to the category of finite flat 
group schemes over Ok- 

Note that Si ~ F[n, X„]/(n"P, X^). Moreover, Fil^^i = Fil^^ • Si = (n^X„)5i, 

so 

Si/Fil^Si ~ Ok/p ^ F[u]/u\ 
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5.2 Rank One Breuil Modules 

Let A{r, a) be the Breuil module corresponding to the following data: 
A{r,a) = Sie, Fil^yi(r, a) = (n'', X„)e, (f>i{u'^e) = ae. 

Lemma 5.5 Any rank one Breuil module killed by p is isomorphic to A{r, a) for 
some r < e and a £ F. Moreover, there exists a non-trivial map A{s, b) A{r, a) if 
and only if s = r mod p — 1 and a/b £ F^^^~^\ and an isomorphism if and only if 
s = r and a/b G F^(P-i). 

Proof. This is essentially [H] Example 5.2, and ,2^ Prop. 2.1.2.2, except for the 
claim that (f){u'^ei) can be chosen to equal oei rather than axei for some unit x € Si 
satisfying x = 1 mod Changing variables by e' = ye, it suffices to solve the 

equation 

y ^ 

Since x = 1 mod (f)^"'\x) = 1 for sufficiently large n. Thus one can choose 

oo 

y=n,/.W(x). 

n=0 

n 

Group schemes of order p are also classified by their Oort-Tate parameters jl4j . 
The following lemma records that these parameters are (essentially) (r, a) . 

Lemma 5.6 The Breuil module A{r,a) corresponds to the Oort-Tate group scheme 
'^r,a over Ok where the affine algebra of '^h,a is equal to 

Ok[X]/{X + TT^-''a) 

where a is a lift of a to W{F). 

Proof. See for example |5] Prop. 3.1.2. 

5.3 An Example 

Recall that the category {Mod FI/S) is the subcategory of (Mod/S) consisting of 
Breuil modules such that M ~ (BSm- The category (Mod FI/S) corresponds to 
finite flat group schemes ^ such that is finite flat for all i. We now construct 

an explicit example of a Breuil module in {Mod/ S) that does not lie in {Mod FI/S). 
This example is in :2i, but we feel that it serves as a useful example of the modules 
that shall be considered in the next section. Let e = p — 1. Recall that A{e, 1), 
yi(0, 1) are the rank one Breuil modules given by the following data: 

A{e,l)=Siei, Fil^yi(e,l) =Fili5-ei = (u%Xi)ei, (/>(u^ei) = ei 
>l(0,l) = 5ie2, Filiyi(0, 1) = Sie2, M^2) =-^2 
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In addition, let 2(0, 1) be the Breuil module given by 

S(0,l) = 52e2, FiliS(0,l) = 5ie2, </>i(e2)=e2. 

We use the notation ©2 for a generator of ^(0, 1) to highlight the fact that ^1(0, 1) 
is a quotient of 23(0,1) where the quotient map (multiplication by p) sends 62 to 
e2. The Breuil module A{e, 1) corresponds to the finite flat constant group scheme 
Z/pZ, whilst the module ^1(0,1) corresponds to fip (See Lemma [5.61 above for an 
identification of rank one Breuil modules with Oort-Tate group schemes). Define 
: A{0, 1) A{e, 1) by ^(62) = n^ei = n^+^ei. We check that 

01 (^"(62)) = (Ai(^i^ei) = cl)i{u- u^'ei) = 4>{u)ei = u^ei = 1/^(62) = V(</'i(e2))- 

The Breuil module 2(0,1) is an extension of ^1(0,1) by yi(0, 1) (corresponding to 
/ip2), and there is a natural map l : A(0, 1) — > 23(0, 1) given by e2 62. Consider 
the map 

t + : ^(0, 1) 2(0, 1) e A{e, 1), e2 ^ pe2 - u^ei, 

and let £ be the cokernel. Abstractly it is the quotient of S2 © 5*1 by the element 
{p, —vP). There is an injective map A{e^ 1) ^ L given by ei ^ ei, which extends to 
a map of Breuil modules. The quotient of L by A[e, 1) is the quotient of 5*2 © by ei 
and pe2 — vPei. Since together these elements generate the module ((pe2, 0), (0, ei)), 
the quotient is 23(0, l)/p ~ ^1(0,1). Thus we have an exact sequence of Breuil 
modules: 

A{e, I) -^L-^ yi(0, 1) 0. 

This extension of Breuil modules corresponds to an exact sequence of group schemes 
(note the anti-equivalence): 

^ /ip ^ ^ Z/pZ ^ 0. 

5.4 Extension Classes 

Suppose that Mi and M2 are finite flat group schemes over 0/^ of order p. Let ^ be 
an extension of by J^, and let M be the associated Breuil module. 

Lemma 5.7 M is generated by {at most) two elements as an S-module. JA is a 
quotient of S2® Si. 

Proof. Let Ai be the Breuil module associated to J^. There is an exact sequence 

^ yii ^ M ^ yi2 ^ 0. 

Call the quotient map V'- Suppose that Ai and yi2 are generated by ei and e2. Then 
M is generated by ei and e2 := il)~^e2. Moreover, pei = 0, and pe2 S 'S'l^i so 
p^e2 = 0. □ 
We conclude that 

M = (eiSi©e252)// 

for some 5-submodule I. 
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Lemma 5.8 / is generated by pe2 — rjei for some rj E Si. 

Proof. The element pe2 lies in the kernel of M — ^ A2. Thus pe2 lies in the image of 
Ai, and thus pe2 = rjei for some r) e Si. Suppose that (3e2 = aei. If /? = pj, then 

7(^62 — rjei) = (3e2 — 77/61 = (/?e2 — aei) + (a — 7r/)ei 

and so (a — 777)61 = in M. Yet ^li injects into M, so 777 = a, and 

(^62 - aei) = 7(pe2 - 7761). 

Thus we may assume that p\ 13. As an abstract abelian group, S2 — (Z/p^Z)°°, and 
thus the image of /? is non-zero in Si. The map from M — > ^2 sends ei to 0. Thus 
the image 62 of 62 is killed by /3, which is a contradiction, since M is surjective and 
A2 is free. □ 
Thus we have an isomorphism of ^-modules 

M = (Si e e2S2)/{pe2 - 7761). 

Recall that the category {Mod FI / S) consists of Breuil modules such that M ~ 
®Sjn. The category {Mod FI/S) corresponds to finite flat group schemes ^ such 
that ^[p*] is finite flat for all i. We conclude that ^ = ^[p] if and only if r; = 0, and 
that ifW\p] 7^ $f , then $f [p] is finite flat if and only if r/ is a unit in S. 

Let us now choose yii = A{r,a) and ^12 = A{s,b). where r and s are integers 
< e. There is an induced exact sequence 

^ (n^ Xn)A{r, a) Fil^M ^ {u', Xn)A{s, b) 0. 

Recall that Fil^S'2 is generated by Yn = E{u)p" /p""" for all n, where Vn = v{p"'[). 

Lemma 5.9 Suppose that p > 2. Let Xq = u*^, and let Xn = u^^" /p'"". Then 

n-l 

Yn = Xn+pllXf-^ mod p^S. 

i=0 

In the module M, A'„e2 G Fil^M for all n > 1. 

Proof. The congruence follows by induction from the identity 

{a + bp)P aP , „ 1, , 2 

— = \-aP '■bp mod 

p p 

and the fact that l^+i = Yn/p. Since e(p — 1) > e > r, and since ■u^'ei G Fil''^M, it 
follows that 

pXP-^e2 = u<P-^'>r]ei G M. 

Thus as Yne2 is automatically in Fil^M the inclusion X„e2 G Fil^M follows from the 
congruence by induction. □ 
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Lemma 5.10 If M is an extension of A{s,b) by A{r,a) then M = Si ® 82/(^^2 — 
rjei). Moreover, 

Fil^M = ('u^ei,«*e2 + xei,X„ei,X„e2), i>l, 

and (pi is defined as follows: 

(pii^u^ei) = aei, ^i(u*e2 + xei) = be2. 

Proof. We clearly have that Fil^M n A{r, a) = {u'\ X„)ei, and u^e2 + xei G Fil^M 
for some x E S. Consider a general element 7 of Fil S. Since Xne2 e Fil^M, we may 
assume after subtracting some element of (X„)e2 that 7 = au^e2 + (3ei. Then 

au^e2 + /3ei - a;(n*e2 + xei) = - cxx)ei G Fil^M. 

Thus (/? — ax)ei = Fil^A(r, o), and 7 is in the span of ^^62 + xei, {Xn)^2, and 
Fil^yi(r,o). Hence 

Fil^M = (u^'ei, 'u''e2 + xei, X„ei, Xne2), i > 1. 

Moreover, 

(t)i{vJ'ei) = aei,^i(u*e2 + xei) = be2 + zei. 

Replacing 02 by 02 + yei for suitable y we may assume (having changed x and 77 
appropriately) that z = 0. This proves the lemma. □ 

We also note that that (/)i(Fil^M) as defined above generates M as an S'-module. 
However, we have not shown that 0i is well defined, and so we have not yet con- 
structed a Breuil module. In fact, the obstructions to defining ^1 will severely limit 
the possible extension classes. 

Fix once and for all an element y = rj — u^~^x. 

Let us compute (p{e2) and ip{ei). Recalling that y = r) — u^~^x we find that 
{u^+p)e2 = M^e2 + ?7ei = u'^~*('u'*e2 + xei) — ■u'^~*xei-|-ryei = u^~*(«*e2 + xei) + ?/ei. 
It follows that yei G FilM(r,a). We find that 

(t)i{E{u)e2) = buP^^-'^e2 + Mv^i)- 

and so 

_ ME{u)e2) _ buP('-'^e2 + Myei) 
ME{n)) 1 + Xi 

A similar computation shows that 

_ (l)i{E{u)ei) _ Mu^^'u'ei) _ a • u^("~^)ei 
^^^^^ ~ ME{u)) ~ 1 + u^P/p ~ 1 + Xi 



20 



When M = £, we see that Fil^£ is generated by 62 and u'^ei. Moreover, 01(62) = 
62 and 0i('u''ei) = ei. Thus y = rj = vP, and a; = 0. Moreover, s = and 6=1 and 
so 

, , vP'^e2 + uPei pXie2 + u^ei Xi-qei + vPei {l + Xi)vPei „ 
^ 1 + Xi 1 + Xi 1 + Xi 1 + Xi 

Returning now to the general situation, we shall derive some relations between 77, 
X and y by computing (^1(^*1^62 + xY^ei) in two different ways. On the one hand 
we have that 

(f)i{u^Yne2) = (f>{u^)(l)iiYn)ip{e2) = uP^Yn+i 



1 + Xi 
and 

(j)i{xYnei) = (j){x)(j)i{Yn)(p{ei) = 0(x)y„+i ■ — . 

i + Ai 

On the other hand, n''l^e2 + xY^ei = Yn{u^e2 + xei), and so 

0i(y„(«'*e2 + xei)) = (j){Yn)be2. 
Now (f){Yn) =Yi = pYn+1, and pe2 = rjei. Thus we find that 

buP'^e2 + uP^(j)i{yei) + a4>{x)vP^^~'^^ ei 



Yn+ibr]ei = Yn+i 



1 + Xi 



We make two simplifications. First, u^'^e2 = Xipe2 = Xirjei. Thus both sides arc 
multiples of ei, and we may replace Yn+i by Xn+i- Second, the annihilator of X„ 
in 5*1 is Xn~^- Thus the annihilator of (-^n)^=fc is n^=fc^^~^ ^^'^ the annihilator 
of (^n)$^^. is trivial. Thus if Xn+ia = Xn+iP for all sufficiently large n, a = (3. 
Applying this to our formula, and multiplying through by (1 + Xi) we find that 

677(1 + Xi)ei = Xi 67761 + uP^4>i{yei) + a(l){x)uP^^~''^ ei 



or 



67761 = vF^4>i{yei) + a(t){x)vF^^ ''^61. 

Thus we have proven: 

Th6or6m 5.11 IfJAis well defined as a Breuil module then 

brjei = uF^(t)i{yei) + a0(x)'u^^''"''^ei. 
Moreover rj is divisible by (^uP)™™^^'^~'^^ . 

Suppose that M = Then x = 0, e = p — 1, and y = -q = u^. Thus the theorem 
is consistent with the identity vP = rj = (l)i{r]ei). 

L6mma 5.12 There is an inclusion rj G F[u\/u^p. 
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Proof. We divide our proof into two cases. First we consider the case where 
(r, s) / (e,0). Since </>(X„) = Xn = 0, it is clear that (j){x) £ F[u]/u^p. Moreover, 
(f>i{XiXjei) = (j){Xi)(j)i{Xjei) = Xn4>iXjei) = for the same reason. Thus the only 
terms that contribute to coefficients of rj that do not lie in F[u]/u^''' are of the form 
vT^Xn- Let m be the infimum (minimum) over all n > 1 such that the coefficient of 
vP^Xn in y is non-zero. The corresponding coefficient of rj is vP^^~'^^^'^^'^ Xn+i-, and 
thus if m > r — s we are done. Suppose otherwise. Then the minimum m over all 
n > 1 such that the coefficient of in r] is non-zero is p{e + s — r + m). The 

minimum m over all n > 1 such that the coefficient of u^Xn in u^~'^x is non-zero is 
trivially at least at least e — s. Since y = rj — u^~^x we conclude that 

m > min{p(e + s — r + m), e — s}. 

Since m<r — s<e — s, it must be the first inequality that is satisfied. Equivalently, 

(1 — p)m > p{e + s — r). 

Since e > r, the RHS is non-negative unless r = e and s = 0. On the other hand, 
the LHS is negative unless m > 0. Thus either we are done or (r, s) = (e, 0) and 
m = 0. Let us now assume we are in that case. There is an identity y = r] — u^x. 
Since yei G Fil^yi(e,a) and u'^ G Fil^Si, it follows that rj G Fil^Si. Now </'i(yei) = 
(/)i(r/ei) — a(j){x) and so 

6??ei = (i)i{yei) + a(j){x) = 0i(r?ei). 

As above, since (/>i(XjXjei) = (j){Xi)(j){Xjei) = 0, the only terms contributing to 77 
that do not lie in F[u]/u'^^ are coefficients of y of the form vJ^Xn with n > 1. Let n 
be the smallest integer such that vJ^Xn is a non-zero coefficient of r]. Then since 



l + Xi 

we see that (since j + 1 > m) that (pi (rj) does not have any coefficients of the form 
vP'Xm, a contradiction. Thus rj G F[u]/u^P. □ 

Write 

ep—1 ep—1 

X = ^ afcu'' mod (X„), y = (j^u'' mod (X„). 
k=0 k=0 

Then (noting by Lemma l5 . 1 21 that rj G F[n]/n^^) the equality r] = y + u'^~'^x becomes 

ep—1 ep—1 

^ 7feu'' =rj= ^ u^(/3fc + ik+s-e)- 

k=0 k=0 

Since yei G Fil^yi(r, a), we must have jSk = for k < r. Applying the equality of 
Theorem 15 . 11 1 we find that 

ep—1 ep—1 

67/ = ^ auP''{(j){l3k+r-s) + (pittk+r-e)) = « X] ^^''HPk+r-s + ak+r-e), 
k=0 k=0 

where (p is Frobenius on F. The two expressions for rj lead to the following relations: 
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• Ik = Pk+ Oik+s-e 

• 7fc = if p t A;. 

• bjpk = a(f){(3k+r-s + ak+r-e)- 

In particular we see that b^pk = a(f){'^k+r-s)- 

Lemma 5.13 if JA. is a Breuil module, then r] = unless (r — s) = k{p — 1) for 
some k > and a/b £ F^^^^"'^^ If r = s, then rj = unless s = or r = e. If r] 
is non-zero, then up to an element of , rj = u^^. Finally, there is an inequality 
k > min{s, e — r}. 

Proof. First note that jpk is non-zero if and only if 7fc+(j._5) is non-zero, since 
Frobenius is injective in F. Let k be the smallest integer such that 'jpk ^ 0. Then 
A; > and k is the smallest integer such that 7fc_|_(j,_s) 7^ 0. It follows that k + {r — s) = 
pk, and so {r — s) = k{p — 1). The equality 67^^. = a4){'^pk) / implies that 
a/h = (l){c)/c G F^'-^^^). One finds (by considering the second smallest k such that 
Ipk 7^ 0) that no other coefficients of rj are non-zero, and thus is a multiple of u^^ . 
If r = s then Theorem 15.111 implies that rj is divisible by u (unless s = or r = e), 
but the k satisfying (r — s) = k{p — 1) is /c = 0, thus = 0. The final inequality 
follows from Theorem 15. Ill □ 

Corollary 5.14 Suppose that ^ is an extension: 

^ ^ ?^ ^ ^ 0. 

of Oort-Tate group schemes that is not killed by p. Then there is a non-trivial 
morphism ^r,a '^s,b- 

Proof. Suppose there existed such an exact sequence. Then there must exist an 
exact sequence of Breuil modules: 

A{r, a) ^ M ^ A{s, b) 0. 

If ^ is not killed by p, then M is not killed by p, and thus r/ 7^ 0. By Lemma 15.131 
then the restrictions on (r, s) and (a, b) are exactly the requirements that there exist 
a map A{s,b) — > A(r, a) (see jH], Lemma 5.2.1). Moreover, this map cannot be an 
isomorphism unless r = s, which (from Lemma I5.13|) implies that r = s = or 
r = s = e. In this case ^r,a and ^^^b are either both multiplicative or both etale, 
which implies that ^ is either multiplicative or etale. □ 

if r and s are both or both e there exist extensions not killed by p: one can take 
^p2 and Tj/p^Ti respectively. 

Lemma 5.15 Suppose that r and s are integers < e such that (r — s) = k{p — 1) 
and k > min{s,e — r}. Let a and b be elements ofF such that {b/a) = (c)^~^. Then 
there exists a non-trivial extension of the form: 
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Proof. Suppose that k > s. Then one may expUcitly let M = Si(B S2 / {pe2 — cu^^'ei) . 
Since kp = r + k — s>r, it follows that u^^ei is a multiple of u^ei. Let 

Fil^M= {u''ei,u'e2,Xnei,Xne2), 

and finally define </>i as follows: 

0i(u^ei) = aei, (f)i{u^e2) = be2. 

li k > e — r then we still define M = S*! © S2/{pG2 — cu^^ei). Now that k > e — r we 
define Fil^M as follows 

Fil^M = {u''ei,u''e2 + cu'''"''+'"ei, X„ei, X„e2) 

where 

(j)i{u'^ei) = aei, (j)i{u^e2 + cu^^'^^^ei) = be2. 

Note that u'^~'^{u^e2 + cu^^'^^'' ei) = u'^e2 + cu^'^ei = (n*^ +p)e2- One verifies in both 
cases that M defines a Breuil module. □ 



5.5 Finite Flat Group Schemes Killed by p 

If one restricts to finite flat group schemes killed by p, the theory of Breuil modules 
can be significantly simplified. In particular, instead of working with Si-modules, it 
suffices to work with Si/{Xn) = k[u]/u'^P modules, and replace M by M(E)5^ k[u]/u'^P. 

What Breuil modules A{r, a) admit generic descent data to Qp? The answer for 
a general tamely ramified extension is provided in ^Sl- We restrict the statement to 
the case of interest, namely when K/Qp is a tamely ramified Galois extension of Qp 
with e = p + 1. We have the following: 

Theorem 5.16 The Breuil module A{r, a) admits generic fibre descent data to Qp if 
and only if 2 divides r and a £ . Let be the unramified character o/Gal(Qp/Qp) 
given by ^(cr) = aa^^^P"^^ /a^^^^^^^ Then the associated Galois representation on the 
(descended) generic fibre is given by ^aFp{u!^), where r = 2 — 2k mod {p — 1). 

Proof. This follows from the calculations in in ^H], in particular Definition 5.1, 
Proposition 5.3, and Theorem 6.3. Note in our setting and Savitt's notation we have 
[/ = -1, y = -1, and x' = x/(e,p- 1) = 2. □ 

Corollary 5.17 If k 7^ 0, 1, (p — l)/2, [p + l)/2, then there is a unique finite flat 
group scheme of order p with generic fibre given by Fp(a;^). 

Proof. Any such finite flat group scheme obviously has generic fibre descent data. 
We see that such a representation forces a to be 1, and r ^ 0,2 mod {p — 1). Yet 
since r is even and less than p +1, this determines r exactly. □ 

Lemma 5.18 Let p be as in section \4-S\ Then p uniquely determines a finite flat 
group scheme /Ok- 
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Proof. Since Fp(a;'^) and Fp{LO^^^) correspond to unique finite flat group schemes, 
the lemma follows from a standard application of the 5-Lemma (see 0], in particular 
the proof of Lemma 4.1.2). □ 

Now we turn to extensions of Breuil modules killed by p. An easy computation 
(|3], JH]) shows that the extensions of ^(r, o) by itself are classified by an element h G 
^max(o,2r-e)^j^jy'^r+i^ In general, these will correspond to finite flat group schemes 
whose generic fibre does not descend to Qp. However, we have the following: 

Theorem 5.19 The space of extensions FiX.t^{A{r,a),A{r,a)) killed by p has dimen- 
sion 1 over Fp. 

Proof. It follows from Theorem 7.5 of ^Hl that h can be taken to have degree less 
than r. Moreover, (since ki = k2 in the notation of ^HI) the only possible non-zero 
term is vl' (which is zero) or the constant term which lies in Fp. □ 

Corollary 5.20 Suppose that K is tamely ramified of degree that A; 7^ 0, 1, {p — 

l)/2, {p + l)/2. Let /Ok be a finite flat group scheme over Ok with generic fibre 
Fp{uj^). Then the only extensions of Jif by itself which admit generic fibre descent 
data to Qp become unramified over some finite unramified extension of K . 

Proof. The space of extensions is one dimensional by theorem l5.19l Thus it suffices 
to observe that the Galois module Fp{uj^) (over Qp) admits an extension by itself 
that splits over the degree p unramified extension of Qp. Thus if F denotes this 
unramified extension, then by faithfully flat descent from Op.K to Ok we obtain a 
non-trivial (in fact, p—1 non-trivial) extensions of M' by M' in the category of finite 
flat group schemes with generic fibre descent data, which splits over some unramified 
extension of K, and thus we are done. □ 
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